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Abstract

In this Research Paper we discuss vertex-to-edge detour distance of some graphs and prove some theorems
related to vertex to edge detour distance. Also we discuss detour radial graph of some standard graphs and we
found the vertex to edge detour distance of some standard graphs.
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Vertex to Edge detour distance of some standard graphs :-
In this section , we discuss vertex-to-edge detour distance of some graphs and proved some theorems related to
vertex to edge detour distance.

Definition

Let u be a vertex and e an edge in a connected graph G . A vertex-to-edge u — e path P is a u — v path, where v is
a vertex in e such that P contains no vertices of e other than v . The vertex-to-edge detour distance D (u ,e) is the
length of a longest u — e path. A C,; (G) of G . Path of length D (u ,e) is called a vertex-to-edge u — e detour or
simply u — e detour. For our convenience a u — e

path of length d (u ,e) is called a vertex-to-edge u-e geodesic or simply u — e

geodesic.
Example

Consider the following graph

u
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For the vertex « and the edge e ={v, w}, the paths Pl: W Py z.rly
and Ps:u.l.5 x,v.7.r.v are u —e paths, while the paths ©:: w.w.v and O::
i,z .1 ,.v. ware not u — e paths: Now the vertex-to-edge distance  (u .e) =land

the vertex-to-edge detour distance D(u .¢) = 7 . Thus the vertex-to-edge detour

distance is different from the vertex-to-edge distance. Also P; is a 1 — e detour

and P is a u# — e geodesic. Since the length of a # — e path between a vertex u
1

and an edge e in a graph G of order n is at mostn — 2 _
Definition
For a Graph & the splitting graph S5 (&) of a graph & is obtained by
adding new vertex 1 corresponding to each vertex v of & such that NV (v
)=N(@O") .
Example

The following is an example of splitting graph with 6 vertices

e

Definition

Jahangir graph J, for m =3 isagraphon mm+1 wvertices. (i.e) a

n.m

graph comnsisting of a cycle C.. with one additional wvertex which is

adjacent to m vertices of Cum at distance 7 to each other on Cum .
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Example

The following is an example for Jahangir graph J 6 -

Vi

Vi1

g vz

Theorem
Let u« be avertex and e an edge in Jahangir graph such that the

vertex # is not in the end vertex of an edge e . Then the vertex to edge

detour distance in Jahangir graph J  is 2m —1.
2

m

Proof:
Let us prove the theorem by induction on the second index m of
Jam . Let im =4 . Then J> 4 1s a Jahangir graph with 9 vertices and is of

the form.

v v g

\’7 B \’5
The vertex to edge detour eccentricity of the vertices vy . V3, V5,15 is
7 and the vertex to edge detour eccentricity of the vertices 1 . V4 . V5 1% 1S
6.The vertex to edge detour radius of ~ J,4 1s 6 and the vertex to edge
detour diameter of J54 is 7.
Then the vertex to edge detour distance of J4 i1s 7 (ie)

D(u .e)=2n-1.
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Letn=35, Then Jy5s isa Jahangir graph with 11 vertices and is of

the form.

In s .the wvertex to edge detour eccentricity of the wertices
Vil WLV, VLW Ve 15 O and the vertex to edge detour eccentricity of the
vertices 12. Vi Vs. Vs vy 1s 8. The vertex to edge detour radius of s is 8
and the vertex to edge detour diameter of s is 9.

Hence the vetex to edge detour distance of the Jahangir graph J> 5
1s 9 (1.e) D (1 .e) of Jo51s 2nn —1.

Therefore the theorem is true for m =4 . m = 5 . Let us assuune that
the theorem is true for the second index m —1.(i.e) The vertex to edge
detour distance in J>_,, 1 is 2m —3.

Now to prove the theorem is true for the second index m . Let Jom

is a Jahangir graph with 2m +1 vertices and is of the form.
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From the above Jahangir graph the vertex to edge detour eccentricity
of the wvertices vi.vi.Vs.....Vim_1.Vam 18 2inm—1. The vertex to edge
detour eccentricity of the vertices v , 1y, Vg ....... Vo2 . Vo, 182 —2 .
The vertex to edge detour radius of J»,, is 2m — 2 . The vertex to edge
detour diameter of Jp,, is 2m —1. Therefore the vertex to edge detour
distance of J»,, is 2m —1.
Hence the theorem.

Theorem

Let # be a vertex and e an edge in Splitting graph 5 "(K;, ) . such that
the vertex u is not in the end vertex of an edge e . Then the vertex to edge

detour distance of Splitting graph S (K3, ) 1s 3.

Proof:

Let us prove the theorem by induction on the second index » of
S'(Kin)

Letn=3. Then S'(Kj3 ) is a Splitting graph with 8 vertices and is

of the form.

The vertex to edge detour eccentricity of the vertices 17 . vgis 2 and
the vertex to edge detour eccentricity of the vertices v2 . V3 . Vg . Vs . Vg . V7 is
3.The vertex to edge detour radius of S (K] 3 ) is 2 and the vertex to edge
detour diameter of § (& 3 ) is 3. Then the vertex to edge detour distance of

S'(Ky3)1s 3 (1.e) D(u .e) = 3.
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Letjzz =4 . Then S '(Xj 4 ) is a Splitting graph with 10 vertices and is

of the form.

In S'(Kj4) .the vertex to edge detour eccentricity of the vertices

v, vy is 2 and the vertex to edge detour eccentricity of the vertices
V2, V3.V4.V5.V6.V7. Vg . Vois 3. The vertex to edge detour radius of § (K 4 )
is 2 and the vertex to edge detowr diameter of S '(K;4) is 3.Hence the
vertex to edge detour distance of the Splitting graph 5 "(K;4) is 3 (i.e)
D (u.e)of S§'(Ky4)1s 3.

Therefore the theorem is true for # =3, 7 =4 . Let us assume that
the theorem is tiue for the second index n —1.The vertex to edge detour

distance of S (K ;-1 ) 1s 3.
Now to prove the theorem is tiue for the second index n . Let

S (K1 )is a Splitting graph with 27 + 2 vertices and is of the form.
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From the above Splitting graph the vertex to edge detour eccentricity
of the wertices vq{.Vs......V2,_1.V20is 2. The vertex to edge detour
eccentricity of the vertices 5 . V3. Vy ..oene. Vi o Vel e Vige2 « V23 o.a¥y pag 15 3. The
vertex to edge detour radius of S'(&K;, ) is 2. The vertex to edge detour
diameter of S '(K;,, ) is 3. Therefore the vertex to edge detour distance of
S(Kyn)is 3.

Hence the theorem.
Theorem

Let & be a vertex and e an edge in bistar graph B, ,, such that the
vertex # is not in the end vertex of an edge e . Then the vertex to edge
detour distance in bistar graph B, , is 2

Proof:
Let us prove the theorem by induction on 7 . Consider B, , 1is a

bistar graph having 2m + 2 vertices.
Letnn =3 . Then Bss is a bistar graph with 8 vertices and is of the

form.

ht '2 ) =

V3 =
The vertex to edge detour eccentricity of the vertices vy , Vs is 1 and the
vertex to edge detour eccentricity of the vertices vy . V3 . Vy . Vg . V7 Vg 1s 2. The
vertex to edge detour radius of  Bs3 3 is 1 and the vertex to edge detour
diameter of B33 is 2. Then the vertex to edge detour distance Bs3 is 2 (L.e)
D(u.e)=2.
Letn=4.Then By4 is a bistar graph with 10 vertices and 1s of the

form.
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v s
1 \

V3 & 10

Vg v
8 Vi
9

In B44 .the vertex to edge detour eccentricity of the vertices v . Vg
is 1 and the vertex to edge detour eccentricity of the vertices v» . vy , V4 .
Vs . V7, Vg. Vo, Vi .V is 2. The vertex to edge detour radius of By 4
is 1 and the vertex to edge detour diameter of By 4 is 2.Hence the vetex to
edge detour distance of the bistar graph B4 4 1is 2 (i.e) D(u.e) of By 41is 2.

Therefore the theorem is true for # = 3. n =4 . Let us assume that
the theorem is tiue for » —1 (i.e) for By, _1 »—1 - The vertex to edge detour
distance of By, 1 ;-1 15 2.

Now to prove the theorem is true for » . Let B, , is a bistar graph

with 277 + 2 vertices and 1s of the form.

_,"‘\'h_g ‘.n+4““~- .......

From the above Bistar graph B, , the vertex to edge detour
eccentricity of the wvertices vy . v,,; 1s 1. The vertex to edge detour

eccentricity of the vertices v2 . V3. va . Vs . Vg aeernnnn Vom e Vonal V2 e 15 2.

The vertex to edge detour radius of B, nis 1. The vertex to edge
detour of B, , 1s 2. Therefore the vertex to edge detour distance of Bistar
graphh By n is 2.

Hence the proof.
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Theorem

Let & be a vertex and e an edge in Helm graph /A, such that the vertex
# 1s not in the end vertex of an edge e . Then the vertex to edge detour
distance in Helm graph #,, is n+1.
Proof:
Let us prove the theorem induction on the number of vertices of
Helm graph &, . Consider #, is a Helm graph having 2n +1 vertices.
Letn =4 . Then Hy is a Helm graph with 9 vertices and is of the

form.

/
g Ve Wiy Vs =
- ( > -4

The vertex to edge detour eccentricity of the vertices 1y . ¥y . 15 .V is

5 and the vertex to edge detour eccentricity of the vertices 15 . ¥5 . V5 . V7 .15
is 4.
The vertex to edge detour radius of Ay is 4 and the vertex to edge
detour diameter of A4 is 5. Then the vertex to edge detour distance of
Hy is5(le) D .e)=5 .
Letnn =5 . Then A5 is a Helm graph with 11 vertices and is of the

form.
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In. Hs the vertex to edge detour eccentricity of the wvertices
Vi.Vy Ve, Vg Vpis 6 and the vertex to edge detour eccentricity of the
vertices Va . Vi . Vs . V7. Vo .V 18 5. The vertex to edge detour radius of H5 1is
5 and the vertex to edge detour diameter of H5 is 6.

Hence the vertex to edge detour distance of the Helm graph 45 is 6
(1.e) D (i .e) of Hs 1s 6.

Therefore the theorem is true for n =4. » = 5 . Let us assume that the
theorem is true for # —1 vertices. The vertex to edge detour distance of
H,_;isn.

Now to prove the theorem is true for &, .
Let H, isa Helm graph with 2» +1 vertices and is of the

form.

From the above Helm graph &, the vertex to edge detour eccentricity
of the wvertices v;.71i.Vs........V,; is n+1. The vertex to edge detour
eccentricity of the vertices v . Vg, Vg oevnn.n. 1y Ve 15 72 . The vertex to edge
detour radius of H, is » . The vertex to edge detour of H, 1s n+l1.

Therefore the vertex to edge detour distance of Helim graph H,, is n +1.

Hence the proof.
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Theorem

Let u be a vertex and e an edge in Ladder graph L,, such that
the vertex u is not in the end vertex of an edge e . Then the vertex to edge
detour distance in Ladder graph Z,, is 2n-2.

Proof:

Let us prove the theorem by induction on the index n of the Ladder
graph 7, .Consider Z, is a Ladder graph having 2» vertices .
Letn =4 . Then L, is a Ladder graph with 8 vertices and is of the
form,

v V. W

o

The wvertex to edge detour eccentricity of the wertices
VLV L VL VL Vs L Vs L V7 Vg is 6.The vertex to edge detour radius and the
vertex to edge detour diameter of L4 is 6. Then the vertex to edge detour

distance L4 is 6 (1.e) D(u .e) =6 .

Letsn =35 . Then Ls is a Ladder graph with 10 vertices and is of the

form.

Ve Vi Vg Vo R 1]

In s .the vertex to edge detour eccentricity of all vertices 1s 8 . The

vertex to edge detour radius and the vertex to edge detour diameter of s
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Vi Va Va V4

Vil Va2 V3 Yokt Vonz Van2 Von i Vo

From the above Ladder graph L, . the vertex to edge detour eccentricity of
all vertices 1s 2n — 2 . The vertex to edge detowr radius and The vertex to
edge detour diameter of Z,, is 2i# — 2 . Therefore the vertex to edge detour

distance of Ladder graph L, 1s 2n — 2.

References :-
Akiyama. J, Ando. K, Avis. D, Eccentric graphs, Discrete Mathematics . 16, (1976) 187-197.
Aravamuthan. A and Rajendran. B, A note on antipodal graphs. Discrete Mathematics. 58 (1986) 303-305.
Bielak. H and Syslo. M.M, Peripheral vertices in graphs. Studia Sci Math. Hungar. 18 (1993) 269-275.
Buckley. F and Harary. F, Distance in graphs. Addition Wesley. Reading (1990).
Chartrand. G and Zhang. P, The forcing geodetic number of a graph. Discuss. Math. Graph Theory. 19 (1999) 45-58.
Chartrand. G and Zhang. P, The geodetic number of an oriented graph. European J. Combin. 21(2000) 181-189.
Chartrand. G Escuadro. H and Zhang. P, Detour distance in graphs. J. Combin. Math. Combin. Comput 53 (2005) 75-94.
Chartrand. G, Gu. W, Schultz. M and Winters. S.J, Eccentric graphs, Networks 34 (1999) 115-121.
Chartrand. G, Harary. F and Zhang. P, Geodetic sets in graphs, Discussiones Mathematicae Graph Theory. 20 (2000) 129-138
Harary. F, Graph Theory. Addison Wesley.Reading Massachusetts. 1969.
Harary. F, Loukakis. E and Costantine Tsouros, The Geodetic number of a graph. Math. Comput. Modelling. Vol. 17. 11 (1993) 89-
95.
Irammanesh. A and Pakrevesh. Y, Detour index of zig zag polyhex nanotubes.
Janplesnik, Two construction of geodetic graphs. Mathematica Slovaca, VVol. 27. No. 1. (1977) 65-71.
Johns. G and Karen Sleno, Antipodal graphs and digraphs. Internat. J. Math. Sci. VVol. 6. No.3 (1993) 579-586.
Kappor. S.F, Kronk. V.H and Link. D.R, On detours in graphs. Canad.Math.Bull. 11 (1968) 195-201.
Kathiresan. G and Sumathi. R, A study in signal distance in graphs. Algebra. Graph Theory and Their Applications. Narosa
Publishing House. Pvt Ltd. (2010) 50-54.
Kathiresan. K.M and Marimuthu. G, A study on radial graphs. ARS Combinatoria. 96 (2010) 353-360.
Lukovits. I and Razinger. M, On calculation of the detour index. J. Chem. Inf. Comput. Sci. 37 (1997) 283-286.
Lukovits. I, The detour index. Croat. Chem. Acta. 69 (1996) 873-882.
Mahmiani. A, Khormali. O and Iranmanesh. A, The edge versions of detour index. MATCH Commun. Math. Comput. Chem. 62
(2009) 419-431.
Nikolic. S, Trinajstic. N and Mihalic. Z, The detour Matrix and the detour index. J. Devillers. A.t.Balaban (Eds), Topological
indices and related Descriptors in QSARand QSPR, Golden and Breach. Amsterdam. (1999) 279-306.
Qi. X, Zhou. B, Detour index of a class of unicyclic graphs. Filomat. Vol. 24. 1 (2010) 29-40.

DOI: 10.35629/7722-01013445 www.ijhssi.org 45 | Page



