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ABSTRACT:In this paper we present definition of Boolean algebra and Boolean sub algebra, examples,
theorems on Boolean algebras. Definition of pre A*algebras, examples and we show that Boolean algebras
generates Pre-A*algebras, correspondence between Boolean algebras and Pre-A*algebras.
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l. INTRODUCTION:

E. G. MANES introduced an Ada based on C-Algebras introduced by Fernando Guzman and Craig C.
Squir . P. Koteswara Rao introduced the concept of A™-Algebras analogous to the E. G. Manes ,Adas. J.
Venkateswara Rao introduced the concept of Pre A*-Algebra analogous to the C-Algebra , as a reduct of A*-
Algebra. He studied Pre A*-Algebras and their sub directly irreducible representations. It was established that 2
= {0; 1}and 3 = {0; 1; 2 }are the only sub directly irreducible Pre A*-Algebras and that every Pre A*-Algebra
can be embedded in 3, for some set x. Also proved that a Pre A*-Algebra can be made into an A*-Algebra by
imposing one binary operation and one unary operation and he obtained a sufficient condition for a Pre A*-
Algebra to become an A*-Algebra. In this paper we studied Boolean Algebras generates Pre A*-Algebras and
One —one correspondence between Boolean algebras and Pre A*-Algebras

1. BOOLEAN ALGEBRA:

2.1.Definition: An algebra (B, A, Vv, (=), 0, 1) is called a Boolean algebra if it satisfies: for every a, b, ce B
i) afha=a ava=a
ii)aAb=bAa avib=bva
iii)aﬂ{&ﬂc:] ={anb)rc

avibve) =lavh)ve
ivyleablva=a

lavblha=a
v)a.ﬂ{&vr::] ={anb)viagnc)

avibac) =(avh) alawve)
vijav0=aafl=a
vilana'=0,aval=1

2.1.Example: 2 = {0, 1} with A, v, (=) defined by

A, O 1 v 0 1 X x?
0 0 1 0 0 0 0 1
1 1 1 1 0 1 1 0

2.2.Example: Suppose X is a set, P(X) is a Boolean Algebra under the operation of set intersection M, union U
and complementation as ()", ¢, X as A v, (—J)", 0 and 1.

2.3. Example: The class of all logical statements form Boolean algebra under the operations and (A), or (V), not
(=), fallacy f and tautology t as #, v, (—)7, 0 and 1.

2.4.Theorem : Suppose (B, A, V, (—)%, 0, 1) is a Boolean Algebra, then

www.ijhssi.org l|Page



Equivalence Of Boolean Algebras...

i) avb=1 anb=0=b=a
i) al =a
iii)(avb)!=a aAb, @aab)=avh
iv) arbl=0& anb=a

v) 0l=11=0

vi) an(@vhb)=anb

Proof:

i) b =bvO0=bv (ana
=(bva)a(bva
=1a(bval)

=(bva)

a =alvo=av(anb)
=(ava)n(avh)
=1A(@@vh)
=@vby=baal=b
~al=b

i) ala al=0,aval=0

anal=0,ava =0

= a, al are inverses of a
s a=al

iii) (avbhya@abh=0
(avb)v@nb)=1
s~ @vb)=anap
~(anb)=avb

iv) Suppose a A bl=0
a=anl=an(bvb

(@A b) v (a bl

(arb)vo

(anb)

~afb
Supposea™mb=a

anbl=0v(anb)
=(ana)v@nh
=an (avbl)
=ah(anh)
=ana=0

~anbl=0
=0v1=1,0A1=0

=1'=0and0' =1

V) an@vb)=(anal)v(@nh)
=0V (aib)
=afb

~af@vb)=anb
Similarlyav (alAb)=avb
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I11. Pre A*- Algebras:
3.1 Definition: An algebra (A, A, v, (—)~) satisfying

(@) x~~ = x,forall x €A,

(b) xAx=x,forall xeA,

() xAay=yax,forallx,yeA,

(d) XAy)~=x~vy~, forallx,y €A,

€ xA(yArzZ)=(XxAaAy)az,forallxyzeA

P xAyvz)=XAaAy) v XAz, forall xy,zeA,
(@) xAy=XxXAa(X~Ay), forall x,y,zeA,

is called a Pre A*-algebra.

3.2 Example: 3={0, 1, 2} with operations A, A, Vv, (—) ~ defined below is a Pre A*-algebra

N O|O

N | O X
N|O|— | X

[CITSN TR IS
NITIT TN

N o|<

N~ o
N o] o] o
N | o] -
NN NN

3.3 Note : (2, A, V, (-) ") is a Boolean algebra. So every Boolean algebra is a Pre A*-Algebra
3.4 Lemma: Let A be a pre A*-Algebra and a € A be an identity for A, then a™ is an identity for V, a unique if
it exists, and is denoted by 1 and a~ by 0.i.e
(i) aAx=xforallxeA(i) a”Vvx=xforallx e A
3.5 Lemma: Let A be a pre A*- Algebra with 1andOand let X,y e A
(i)Ifx vV y=0, implies x = 0. (ii) If x V y =1, implies x V X" = 1.

3.6. Theorem: Let (B, A, v, (=), 0, 1) be a Boolean algebra, then
A(B) = {(a,b)/a,beB, a"b=0} becomes a Pre-A*algebra, where /., v, (=) are defined as follows.
For a = (ag, az), b = (by, by) € A(B)

i) afb = (aby, aih, + ah; + aby)
||) avh= (albl + a1b2 + a2b1, azbz)
iii) a =(ay, ay)
iv) I =(1,0),0=(0,1),2=(0,0)
Proof: Clearly (@Ab) =awvh
(M) @) =(a a)"
=(a, a)=a

~(@)=a

(i) afa=a

Now a A a = (a, a) M (ag, &)
= (qay, aap + aay + ady)
= (ag, 2ala2 + ay)
=(ap, a)=a
cafia=a
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(iii) afb=bna,forall a be A(B)
anhb= (al, az) N (bl, bz)
= (a1by, ashy + axhy + aghy)
bAa = (b by) A (ay, @)
= (b1ay, bray + bia; + byay)
= (aiby, aib, + axhy + aghy)
~afnb=Dbha
(ivy (@nb)y=awvh
Now a A b = (ay, ay) A (g, by)

= (ayby, a1b, + a,b; + ayby)
= (auby, @by + asb, + asby)

(anb)
awvhb  =(a,a) V(b))
= (a2, a1) v (b2, by)
= (a2b2+ ah, + ajby, albl)
= (a1b2+ ah, + axhy, albl)
“@nb) =awvhb
(v) an(bac) = (af b} Aeisclear
(vi) anlbac) = (aAab) A (aic)isclear
anbk = an(@nb)va b, ceB(A)

(vii)

(an k) = (a1, @) M (by, by)
(a1by, ab, + &by + a,by,)

(a1, @) A (by, by)

afb =
= (a1by, ash, + agh; + azhy)
@wvb) = (a2, a1) v (b, by)
= (agh;+ azb, + azby, ashy)
af(@vb) = (a1, @) M (azby+ azb, + @iy, ashy)

~ A(B) is a Pre-A*algebra.
3.7 Theorem: If A is Pre-A*algebra and B is a Boolean algebra then
(i) B(A(B)) = B (i) A(B(A) = A

(i) is clear

To prove (ii) define
f: A= ABA) by f(@)=(exaz)

a=bea; =bga; =5
© (a5 ag) = (bz.by)
= f(a) = f(b)

~ f is well defined.

Proof:

Let @ € A(B(A)) ) __
=a = (ag.a"), where a;. a” € B(A)

o, Aa” =
Leta(X) = a, = a”
f@ = ((az = &%), (az =al))
= (g ':ﬂ'_.'_::r Aa)
= (ag. |'-E'E) =
(@) =
~ fisonto

fanb)=(@nby),ahby)
= (a.':b.':-' ﬂ'.'-.:l&.': + a‘:h; + a;&;)

= (O az) Abg EJ:‘I')

=f@Mf®)

“ flahb)=f@)V f(b)
4|Page
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flavb)=((aVv by (avb))
= (agh; + az by + ﬂ':&;*ﬂ';&;)
(A agjv{hx*&;)
= fla) v f(b)
s flav b) = fla) v f(b)
f@)=(az.a"z)

n
=\ Oy

= (ag.ay)
= f@)
~f@)=f@)
~ Az AB(A))

3.8 Theorem: Let A;, A, be Pre-A*algebra, By, B, be Boolean algebra,
Then (i) AvZ Aiff B (A) 2 B (Ay)
(i)By = B, iff A (B)) = A (B,)

Proof: First we prove the following.
(@ AlZA,=B(A)=B(A)
(b) Bi=B, =A(B)=A(B)
(a) A=A

Let: f: A; = A, be a Pre-A*algebra isomorphism

LetaeB (A)) = IxEA;Za=x;

f(@) = f(xz) = f(xz) € B(Ag)

Letbe B(/A\z):-.'ayE/A\zEI b=_‘,r‘,-;
w fi Ap— Agisisomorphismandy € A,
=3IXxEA 2 f(X)=Y
fEz)={f@ENz=¥=b
~a€B(A;) = f(a) € B(Ay)
~ f: B(A) = B(A,) is a Boolean isomorphism
“ B (A1) =B (A)
(b) SupposeB; = B,
Let: f: B; — B, be a Boolean isomorphism
Leta,beBj,anb=0= f(@ f(b)=0
Define g: A (B;1) = A (B,) as follows
Let(a,b)eA(B)=(a,b)eB;,atb=0
g(a, b) = f(a), f(b) € A (B,)
= g is well defined and g is bisection
glla b) A (x,¥)] = glax, ay + bx + by)
= [f (ax), f (ay+bx+hy)
= [f(a) f(x), f(a) f(y) + f(b) f(x) + f(b) f(y)]
= (f(a), f(b)) A (F (=) F ()
=g (a.b) rglx.y)
~gllab)n(xy)=g(ab)Agixy)
gl(ab)] = glb.a) = (f(b), f(a))
= (f@a) f(b)
= (gla b))
- gl(e.b)] = (g (a b))

g [(ab)v (x,y)] = glax + ay + bx, by)

[f (ax + ay + bx), f (by)]

[f(a) f(x) + f(a) f(y) + f(b) f(x), f(b) f(y)]
= (f(a), f(b)) v (F =) F ()
=g(a.b)vgixy)

~gllab)v(x y)]=glab)vgly
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“A(B)ZA (B
(i) From @ A= A,= B(A)ZB(A)
Suppose B (A;) = B (Ay)
= A (B(A) = A (B (Ay) by (b)
But A (B (A1))Z A; by 2.2 by (ii)
A (B (A)) = A,
SAEA,
(ii) From (b) B, = B,= A (B1) = A(B)
Suppose A (B;) = A(B,)
=B (A (By)) Z B (A (B,))
ButB (A (B;))=B;
B (A (By)) & B

~B; 2 B,
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