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. Introduction

The concept of fuzzy sets and fuzzy set operations were first introduced by Zadeh [19]. Subsequently,
several authors have applied various basic concepts from general topology to fuzzy sets and developed the
theory of fuzzy topological spaces. The notion of fuzzy sets naturally plays a very significant role in the study of
fuzzy topology introduced by Chang [6]. The concept of generalized semi preregular closed sets was introduced
and its properties were studied by Govindappa Navalagi et al [8] in 2010.

In this paper fuzzy generalized semi preregular closed set is introduced and its properties are studied.
Further, fgspr-closure, fgspr-interior and fgspr-frontier are also defined and investigated. As an application of
these fuzzy sets, two new spaces namely fuzzy semi preregular T, ,, space and fuzzy semi preregular Ty, space
are introduced and studied in fuzzy topological spaces. It is observed that every fuzzy semi preregular Ty,
space is fuzzy semi preregular T, ,, space and also fuzzy T, ,, space.

1. Preliminaries
Let X, Y and Z be fuzzy sets. Throughout this paper (X, 1), (Y,o) and (Z,n) (or simply X, Y and Z) mean
fuzzy topological spaces on which no separation axioms are assumed unless explicitly stated. Let us recall the
following definitions which we shall require later.
Definition 2.1: A fuzzy set A in a fuzzy topological space (X, 1) is called
(1) afuzzy preopen set [4] if » < int(cI(})) and a fuzzy preclosed set if cl(int(X)) < A.
(2) afuzzy semi-open set [1] if L < cl(int(})) and a fuzzy semi-closed set if int(cl(A)) < A.
(3) afuzzy semi-preopen set[16]if A < cl(int(cl(A))) and a fuzzy semi-preclosed set if int(cl(int(X))) < A
(4) a fuzzy pre semi-open set [11] if A <int(cl(int(A))) and a fuzzy pre semi-closed set if
cl(int(cl(n))) < A.
(5) afuzzy a-open set [4] if A < int(cl(int(}))) and a fuzzy o-closed set if cl(int(cl(}))) < A.
(6) afuzzy regular open set [1] if int(cl(A)) = A and a fuzzy regular closed set if cl(int(X)) = A.
Definition 2.2: A fuzzy set X in a fuzzy topological space (X, 1) is called
(1) a fuzzy generalized closed set (briefly, fg-closed) [2] if cl(A) < p, whenever A < p and u is a fuzzy
open set in X.
(2) a generalized fuzzy semi-closed set (briefly, gfs-closed) [3] if scl(A) < p, whenever A< p and p is a
fuzzy semi-open set in X.
(3) afuzzy regular generalized closed set (briefly, frg-closed) [12] if cl(A) < u, whenever A < pand pis a
fuzzy regular open set in X.
(4) a fuzzy semi generalized closed set (briefly, fsg-closed) [10] if scl(A) < p, whenever A < p and p is a
fuzzy semi-open set in X.
(5) a fuzzy generalized semi-closed set (briefly, fgs-closed) [14] if scl(A) < p, whenever A < pand u is a
fuzzy open set in X.
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(6) a fuzzy generalized pre closed set (briefly, fgp-closed) [7] if pcl(A) < u, whenever A< p and p is a
fuzzy open set in X.

(7) afuzzy generalized semi-pre closed set (briefly, fgsp-closed) [13] if spcl(A) < u, whenever A < p and
wis a fuzzy open set in X.

(8) a fuzzy semi-pre generalized closed set (briefly, fspg-closed) [15] if spcl(A) < u, whenever A < p and
w is a fuzzy semi-pre open set in X.

(9) afuzzy generalized preregular closed set (briefly, fgpr-closed) [18] if pcl(A) < p, whenever A < p and
w is a fuzzy regular open set in X.

Definition 2.3: A fuzzy topological space (X, t)is said to be

(1) afuzzy Ty, -space [2] if every fg-closed is fuzzy closed.

(2) afuzzy semi Ty, -space [10] if every fsg-closed is fuzzy semi closed.

(3) afuzzy pre Ty, -space [5] if every fpg-closed is fuzzy pre closed.

(4) afuzzy semi pre Ty,-space [13] if every fgsp-closed is fuzzy semi-preclosed.

(5) afuzzy semi pre Ty;5-space [13] if every fgsp-closed is fuzzy pre semi closed.

(6) afuzzy pre semi Ty,-space [13] if every fps-closed is fuzzy semi-preclosed.

I1. Fuzzy Generalized Semi Preregular Closed Sets

In this section, a new class of fuzzy generalized closed sets called a fuzzy generalized semi preregular
closed set is defined and study its properties.
Definition 3.1: A fuzzy set A of a fuzzy topological space (X, 1) is called a fuzzy generalized semi preregular
closed set (briefly, fgspr-closed) if spcl(A) < p, whenever A < p and p is a fuzzy regular open set in (X, 7).

By FGSPRC we mean the family of all fgspr-closed subsets of the space (X, 7).
Theorem 3.2: Every fuzzy closed set is a fgspr-closed set.
Proof: Let A be a fuzzy closed set in a fuzzy topological space (X,t). Suppose that A < p, where p is fuzzy
regular open in X. Since every fuzzy closed set is a fuzzy semi-pre closed set, spcl(A) <cl(A) =1 < .
(i.e) spcl(A) < p. Hence M is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.3: Let X = {a, b, c}, A, = {(a, 0.3), (b, 0.5), (¢, 0.2)} and X, = {(a, 0.2), (b, 0.4), (c, 0.1)} be fuzzy
sets of X. Lett= {0, Ay, 1}, then A, is a fgspr-closed set but not a fuzzy closed set in X.
Theorem 3.4: Every fuzzy preclosed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy preclosed set in a fuzzy topological space (X, t). Suppose that A < u, where p is fuzzy
regular open in X. Since every fuzzy preclosed is a fuzzy semi preclosed, spcl(h) < pcl(h) =2 < p.
(i.e) spcl(A) < p. Hence A is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.5: Let X = {a, b, ¢}, Ay = {(a, 0.3), (b, 0.5), (c, 0.4)}, A, = {(a, 0.1), (b, 0.3), (¢, 0.2)} and
A ={(a, 0.2), (b, 0.5), (c, 0.3)} be fuzzy sets of X. Let t= {0, Ay, ky, 1}, then A3 is a fgspr- closed set but not a
fuzzy preclosed set in X.
Theorem 3.6: Every fuzzy a-closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy a-closed set in a fuzzy topological space (X,1). Suppose that A < p, where p is fuzzy
regular open in X. Since every fuzzy a-closed set is a fuzzy pre closed set, spcl(A) < pcl(A) < acl(D) =1 < .
(i.e) spcl(A) < p. Hence A is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.7: In example 3.5, the fuzzy set A is a fgspr-closed set but not a fuzzy a-closed set in X.
Theorem 3.8: Every fuzzy regular generalized closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy regular generalized closed set in a fuzzy topological space (X, t). Suppose that A < p,
where p is fuzzy regular open in X. Since every fuzzy closed set is fuzzy semi pre closed set, spcl(A) < cl(A) <
u. (i.e) spcl(A) < p. Hence A is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.9: In example 3.5, the fuzzy set A is a fgspr-closed set but not a fuzzy regular generalized closed set
in X.
Theorem 3.10: Every fuzzy generalized semi-pre closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy generalized semi-pre closed set in a fuzzy topological space (X, t). Suppose that A < p,
where p is fuzzy regular open in X. Since every fuzzy regular open set is fuzzy open set, spcl(A) < p. Hence A
is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.11: Let X = {a, b, ¢}, a ={(a, 1), (b, 0), (¢, 0)}, B = {(a, 0), (b, 1), (¢, 0)}, y ={(a, 1), (b, 1), (¢, 0)}
and n = {(a, 1), (b, 0), (¢, 1)} be fuzzy sets of X. Let t = {0, a, B, v, n, 1}, then a is a fgspr-closed set but not a
fgsp-closed set in X.
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Theorem 3.12: Every fgpr-closed set is a fgspr-closed set in X.
Proof: Let A be a fgpr-closed set in a fuzzy topological space (X,t). Suppose that A < p, where p is fuzzy
regular open in X. Since A is fgpr-closed set, pcl(A) < p. Since spcl(A) < pcl()), for any fuzzy set A,
spcl(A) < p. Hence M is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.13: In example 3.5, the fuzzy set A5 is a fgspr-closed set but not a fgpr-closed set in X.
Theorem 3.14: Every fuzzy generalized preclosed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy generalized preclosed set in a fuzzy topological space (X, t). Suppose that A < p, where
u is fuzzy regular open in X. Since every fuzzy generalized preclosed set is fgpr-closed [12], by Theorem 3.12
spcl(A) < p. Hence M is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.15: In example 3.5, the fuzzy set A3 is a fgspr-closed set but not a fuzzy generalized preclosed set in
X.
Theorem 3.16: Every fuzzy generalized closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy generalized closed set in a fuzzy topological space (X, t). Suppose that A < p, where p is
fuzzy regular open in X. Since every fuzzy generalized closed set is fgp-closed [6], by Theorem 3.14
spcl(A) < p. Hence M is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.17: In example 3.5, the fuzzy set A3 is a fgspr-closed set but not a fuzzy generalized closed set in X.
Theorem 3.18: Every fuzzy semi-pre closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy semi-pre closed set in a fuzzy topological space (X, ). Suppose that A < p, where p is
fuzzy regular open in X. Since every fuzzy semi-pre closed set is fgsp-closed set, by Theorem 3.10 spcl(A) < .
Hence A is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.19: Let X = {a, b, ¢}, i = {(a, 0.3), (b, 0.5), (c, 0.4)}, A, = {(a, 0.1), (b, 0.3), (c, 0.2)} and
A3 ={(a, 0.2), (b, 0.5), (c, 0.4)} be fuzzy sets of X. Let t= {0, Ay, A, 1}, then A3 is a fgspr-closed set but not a
fuzzy semi-pre closed set in X
Theorem 3.20: Every fuzzy pre semi closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy pre semi closed set in a fuzzy topological space (X, ). Suppose that A < p, where p is
fuzzy regular open in X. Since every fuzzy pre semi closed set is fgsp-closed set, by Theorem 3.10 spcl(L) < .
Hence A is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.21: Let X = {a, b, ¢}, A1 = {(a, 0.3), (b, 0.5), (c, 0.4)}, A, = {(a, 0.1), (b, 0.5), (c, 0.4)} and
A ={(a, 0.1), (b, 0.3), (c, 0.2)} be fuzzy sets of X. Let T = {0, Ay, A3, 1}, then A, is a fgspr-closed set but not a
fuzzy pre semi closed set in X.
Theorem 3.22: Every fuzzy semi-closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy semi-closed set in a fuzzy topological space (X, t). Suppose that A < p, where p is fuzzy
regular open in X. Since every fuzzy semi-closed set is fuzzy semi-preclosed set, by Theorem 3.18 spcl(A) < p.
Hence A is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.23: Let X = {a, b, ¢}, A, = {(a, 0.3), (b, 0.5), (¢, 0.4)} and A, = {(a, 0.2), (b, 0.5), (c, 0.4)} be fuzzy
sets of X. Let t = {0, A4, 1}, then X, is a fgspr-closed set but not a fuzzy semi-closed set in X.
Theorem 3.24: Every fuzzy semi-pre-generalized closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy semi-pre-generalized closed set in a fuzzy topological space (X, t). Suppose that A < p,
where p is fuzzy regular open in X. Since every fuzzy semi-preclosed set is a fuzzy semi-pre generalized closed
set [15] and every fuzzy semi-pre-generalized closed set is a fgsp-closed set, by Theorem 3.10 spcl(A) < p.
Hence ) is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.25: In example 3.11, the fuzzy set o is a fgspr-closed set but not a fuzzy semi-pre-generalized closed
setin X.
Theorem 3.26: Every fuzzy regular closed set is a fgspr-closed set in X.
Proof: Let A be a fuzzy regular closed set in a fuzzy topological space(X, t). Suppose that A < p, where p is
fuzzy regular open in X. Since every fuzzy regular closed set is a fuzzy closed set, by Theorem 3.2 spcl(A) < p.
Hence A is a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.27: Let X = {a, b, ¢}, A = {(a, 0.3), (b, 0.5), (c, 0.4)}, X, = {(a, 0.1), (b, 0.3), (c, 0.2)} and
A = {(a, 0.1), (b, 0.5), (c, 0.4)} be fuzzy sets of X. Let T = {0, Ay, Ay, 1}, then Az is a fgspr-closed set but not a
fuzzy regular closed set in X.
Theorem 3.28: Every fuzzy generalized semi-closed set is a fgspr-closed set in X.
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Proof: Let A be a fuzzy generalized semi-closed set in a fuzzy topological space(X,t). Suppose that A < p,
where p is fuzzy regular open in X. Since every fuzzy semi-closed set is a fuzzy generalized semi-closed set [6]
and every fuzzy generalized semi-closed set is a fgsp-closed set, by Theorem 3.10 spcl(A) < p. Hence A is a
fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.29: Let X = {a, b, ¢}, i = {(a, 0.3), (b, 0.5), (c, 0.4)}, A, = {(a, 0.1), (b, 0.3), (c, 0.2)} and
A ={(a, 0), (b, 0.2), (c, 0.1)} be fuzzy sets of X. Let T = {0, A1, Ay, 1}, then Az is a fgspr-closed set but not a
fuzzy generalized semi-closed set in X.
Theorem 3.30: Every generalized fuzzy semi-closed set is a fgspr-closed set in X.
Proof: Let A be a generalized fuzzy semi-closed set in a fuzzy topological space(X,t). Suppose that A < p,
where p is fuzzy regular open in X. Since every fuzzy semi-closed set is a generalized fuzzy semi-closed set
[15] and every generalized fuzzy semi-closed set is a fgsp-closed set, by Theorem 3.10 spcl(A) < p. Hence A is
a fgspr-closed set in X.

The following example shows that the converse of the above theorem is not true.
Example 3.31: In example 3.27, the fuzzy set A3 is a fgspr-closed set but not a generalized fuzzy semi-closed set
in X.
Theorem 3.32: In a fuzzy topological space(X, 1), if a fuzzy set A is both fuzzy regular open and fgspr-closed,
then A is fuzzy semi-pre closed.
Proof: Suppose a fuzzy set A of a fuzzy topological space (X,t) is both regular open and fgspr-closed. Let
A <), where X is fuzzy regular open in X. This implies that spcl(A) < A, since X is a fgspr-closed set. Also
we have, A < spcl()), which implies that spcl(A) = A . Hence A is a fuzzy semi-pre closed set in X.
Theorem 3.33: If a fuzzy set A is fgspr-closed in X and spcl(A) A (1 — spcl(?»)) = 0 then there is no non zero
fuzzy regular closed set p such that p < spcl(A) A (1 —2).
Proof: Suppose [ is any fuzzy regular closed set in X such that p < spcl(A) A (1 —X). Now p <1 —2, this
implies that A < 1 — p, where 1 — W is fuzzy regular open in X. Then spcl(A) < 1 — y, as A is fgspr-closed set.
This implies that p<1-—spcl). Thus p < spcl(d) and p < 1 — spcl(D). Therefore
u<spcld) A (1 —spcl(h)) =0. Thus u=0. Hence the result is proved.
Theorem 3.34: If a fuzzy set A is fgspr-closed in X such that A < p < spcl(A), then p is also a fgspr-closed set
in X.
Proof: Let y be a fuzzy regular open set in X such that p <y. Then X <y. Since A is fgspr-closed set, then by
definition, spcl(x) <p. By hypothesis, p <spcl(2), so spcl(w) < spcl(spcl(r)) =spcd(d) <p<y.
(i.e) spcl(n) <1y. Hence pis afgspr-closed set in X.
Theorem 3.35: The union of any two fgspr-closed sets is a fgspr-closed set.
Proof: Let A and p be fgspr-closed sets in a fuzzy topological space X. To prove that A vV p is a fgspr-closed
set. Let AV u <y, where y be fuzzy regular open in X. Then X <y, u < yand so spcl(A) < v, spcl(p) <yas
L and p are fgspr-closed sets. This implies that spcl(A) V spcl(n) < v. (i.e) spcl(A V p) <v. HenceX V nu
is a fgspr-closed set in X.
Remark 3.36: The intersection of any two fgspr-closed sets in a fuzzy topological space X is not necessarily
fgspr-closed as seen from the following example.
Example 3.37: Let X = {a, b, ¢}, A, = {(a, 0.4), (b, 0.3), (c, 0.5)}, L, = {(a, 0.3), (b, 0.9), (c, 0.5} and
A2 = {(a, 0.7), (b, 0.4), (c, 0.8)} be fuzzy sets of X. Let t = {0, Ay, 1}, then A, and A; are fgspr-closed set but
A2 A Az is not a fgspr-closed set in X.
Remark 3.38: From the above results we get the following diagram.

fuzzy regular clogel —— Yy rg-closed

fuzzy close] ———e fuzzy g-closed— fuzzy g -close] — fopr-closed

| T— |

fuzzy o-<closetl e iz y pre-cosetle e fospr-closedl

l |7

fuzzy seini-closel—e Pizzy specosetd——e furzy psclosel] — furzy g -closed
fuzzy spg-closed

ofs-clogml ————————————p  for-closed
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V. Fuzzy Generalized Semi Preregular Open Sets
Definition 4.1: A fuzzy set A of a fuzzy topological space (X, t) is called fuzzy generalized semi preregular open
(briefly fgspr-open) set if its complement 1 — X is fgspr-closed set.
Theorem 4.2: A fuzzy set A of a fuzzy topological space X is fgspr-open iff p < spint(A), whenever p is fuzzy
regular closed setand p < A.
Proof: Suppose A is fgspr-open set in a fuzzy topological space X. Then 1 — A is fgspr-closed set in X. Let | be
fuzzy regular closed in X and p < A. Then1—A <1 —p, where 1 — p is fuzzy regular open. Since 1 —Lisa
fgspr-closed set, we have spcl(1—2) < 1— p. This implies that 1—(1—p) <1—spcl(1l-—2).
(i.e) p < spint(d) as spcl(1 — 1) = 1 — spint()) (by Lemma 1.5 [11]).
Conversely, assume that p < spint(A), whenever p < A and p is fuzzy regular closed set in a fuzzy
topological space X. Let 1 —X <, where yis fuzzy regular open set in X. Then 1 — y <A, where 1 — v is
fuzzy regular closed set in X. This implies that, 1 — y < spint(}). (i.e) 1 —spint(A) <1—-(1—7).
(i.e) spint(1 — ) <y. Hence 1 — A is fgspr-closed set and so A is fgspr-open set in X.
Theorem 4.3: Every fuzzy open(fp-open, fa-open, frg-open, fgsp-open, fgpr-open, fgp-open, fg-open, fsp-open,
fps-open, fs-open, fspg-open, fr-open, fgs-open, gfs-open) set is a fgspr-open set.
Proof: Let A be fuzzy open(fp-open, fa-open, frg-open, fgsp-open, fgpr-open, fgp-open, fg-open, fsp-open, fps-
open, fs-open, fspg-open, fr-open, fgs-open, gfs-open) set in a fuzzy topological space(X,t). Then 1 -\ is fuzzy
closed set in X. And so 1 — A is fgspr-closed set in X by Theorem 3.2(3.4, 3.6, 3.8, 3.10, 3.12, 3.14, 3.16, 3.18,
3.20, 3.22, 3.24, 3.26, 3.28, 3.30). Hence A is a fgspr-open set in X.
The following examples show that the converse of the above theorem is not true.
Example 4.4: Let X = {a, b, c}, A, = {(a, 0.8), (b, 0.5), (c, 0.3)} and A, = {(a, 0.7), (b, 0.5), (c, 0.2)} be fuzzy
sets of X. Let t={0, A,, 1}, then ), is a fgspr-open set but not a fuzzy open set in X.
Example 4.5: Let X = {a, b, c}, A, = {(a, 0), (b, 0.4), (¢, 0.2)} and 1, = {(a, 0.7), (b, 0.5), (c, 0.2)} be fuzzy sets
of X. Let t = {0, A,, 1}, then A, is a fgspr-open set but not a fp-open set and a fa-open set in X.
Example 4.6: Let X = {a, b, c}, A, = {(a, 0.5), (b, 0.4), (c, 1)} and », = {(a, 0.7), (b, 0.5), (c, 0.2)} and
A3 = {(a, 0.6), (b, 1), (c, 0.4)} be fuzzy sets of X. Let t = {0, Ay, Ay, 1}, then A3 is a fgspr-open set but not a
frg-open set in X.
Example 4.7: Let X = {a, b, ¢}, a = {(a, 1), (b, 0), (c, 0)}, B ={(a, 0), (b, 1), (c, 0)}, v ={(a, 1), (b, 1), (c, 0)},
n={(a 1), (b, 0), (c, 1)} and pn = {(a, 0), (b, 1), (c, 1)} be fuzzy sets of X. Let t= {0, o, B, v, n, 1}, then pis a
fgspr-open set but not a fgsp-open set, a fgpr-open set, a fgp-open set, fg-open set, a fspg-open set, a fgs-open
set and a gfs-open set in X.
Example 4.8: Let X = {a, b, ¢}, A; = {(a, 0.3), (b, 0.5), (c, 0.8)} and X, ={(a, 0), (b, 0.4), (c, 0.2)} be fuzzy sets
of X. Let T= {0, A4, 1}, then 2, is a fgspr-open set but not a fsp-open set, a fps-open, a fs-open set and a fuzzy
regular open set in X.
Theorem 4.9: If spint(A) < p < X and if A is fgspr-open, then  is a fgspr-open set in a fuzzy topological space
X.
Proof: We have spint(A) S p<A,then1 -2 <1—-p<1—spint(h). (ie) 1 —A<1—-p<spcl(l—-2)and
since 1 — A is a fgspr-closed set and by Theorem 3.30, we have 1 — [ is a fgspr-closed set in X. Hence p is a
fgspr-open set in X.
Theorem 4.10: The intersection of any two fgspr-open sets is a fgspr-open set.
Proof: Let A and p be fgspr-open set in a fuzzy topological space X. To prove that L A [ is fgspr-open set. Let
vy <A A W, where vy is fuzzy regular closed in X. Then y< A, y< p and so y < spint(A), y < spint(p) as A and
p are fgspr-open sets. This implies that y < spint(A) A spint(p) = spint (A A ). (i.e) y < spint (A A ).
Hence A A W is a fgspr-open set in X.
Remark 4.11: The union of any two fgspr-open sets in a fuzzy topological space X is not necessarily fgspr-open
as seen from the following example.
Example 4.12: Let X = {a, b, ¢}, Ay = {(a, 0.7), (b, 0.5), (c, 0.2)}, A, = {(a, 0), (b, 0.4), (c, 0.5)} and
A ={(a, 0.6), (b, 1), (c, 0.4)} be fuzzy sets of X. Let t = {0, A;, 1}, then A, and A5 are fgspr-open sets but A, V A3
is not a fgspr-open set in X.
Theorem 4.13: If a fuzzy set A is fgspr-closed set and spcl (A) A [1 — spcl(M)] = 0 then spcdl() A (1 — 1) isa
fgspr-open set in X.
Proof: Let A be fgspr-closed set in a fuzzy topological space X. Let spcl(A) A (1 —2X) and p is fuzzy regular
closed set in X. By Theorem 3.31, W is zero and so 4 < spint(spcl(A) A (1 —1)). By Theorem 4.2, spcl(L) A
(1 —2) isafgspr-open setin X.
V. Fgspr-closure and Fgspr-interior

In this section, fgspr-closure (fgspr-cl) and fgspr-interior (fgspr-int) of a fuzzy set is defined as follows.
Definition 5.1: For any fuzzy set A in any fuzzy topological space,
fgspr-cl(h) = A{p: p is a fgspr-closed set and A < p}
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fgspr-int(A) = v{u: p is a fgspr-open set and A > p}
Theorem 5.2: Let A be any fuzzy set in a fuzzy topological space(X, t). Then fgspr-cl(1 — &) = 1 — fgspr-int(}X)
and fgspr-int(1 — &) = 1 — fgspr-cl(})
Proof: We know that a fgspr-open set p < A is precisely the complement of a fgspr-closed set 1 — p>1 — A and
thus fgspr-int(A) = V{u: W is a fgspr-open set and A > p} = fgspr-int(A) = V{1 — p :1 — p is a fgspr-closed set and
l-p>1-A=1-A{1-p1-pisafgspr-closedsetandl —p >1-A} = 1-fgspr-cl(1 —L). Thus fgspr-
cl(1 —A) =1 - fgspr-int(X).
Replacing A by 1 — A in the previous result we get, fgspr-cl(A) = 1 — fgspr-int(1 — A). Thus fgspr-int(1 — A) =
1 —fgspr-cl(p).
Theorem 5.3: In a fuzzy topological space(X, 1), a fuzzy set A is fgspr-closed set then A = fgspr-cl(A)
Proof: Let A be a fgspr-closed set in a fuzzy topological space(X,t). Then we have fgspr-cl(A) < A. But A <
fgspr-cl(}) always. Therefore A = fgspr-cl(L).
Theorem 5.4: In a fuzzy topological space X the following results hold for fgspr-closure.
(i) fgspr-cl(0) = 0, fgspr-cl(1) =1
(i) A < fgspr-cl(}) < f-cl()h)
(iii) fgspr-cl(fgspr-cl(})) = fgspr-cl(®)
Proof: Let A be a fuzzy set in a fuzzy topological space(X, 1).
0] Obvious.
(i) Every fuzzy closed set is a fgspr-closed set. By Theorem 3.2, fgspr-cl(}) < f-cl(X) and by definition
5.1, A < fgspr-cl(A). Hence A < fgspr-cl(}) < f-cl(p).
(iii) By Theorem 5.3, fgspr-cl(fgspr-cl(})) = fgspr-cl(}), since fgspr-cl()) is fgspr closed.
Theorem 5.5: In a fuzzy topological space X the following results hold for fgspr-closure.
(i) fgspr-cl(}) < fgspr-cl(n) if A< p
(ii) fgspr-cl(}) v fgspr-cl(p) < fgspr-cl(A v p)
(iii) fgspr-cl(L A p) < fgspr-cl(d) A fgspr-cl(p)
Proof: Let A and u be fuzzy sets in a fuzzy topological space(X, 1).
0] Since A < p, a fgspr-closed set containing , contains A also. Therefore fgspr-cl(d) < fgspr-cl().
(i) Let A< AV pand p <AV W This implies that fgspr-cl(}) < fgspr-cl(A vV p) and fgspr-cl(p) <
fgspr-cl(A v p) by (i). Hence fgspr-cl(}) v fgspr-cl(p) < fgspr-cl(A V ).
(iii) Let A A p<Aand A A p < p. This implies that fgspr-cl(A A p) < fgspr-cl(X) and fgspr-cl(A A p) <
fgspr-cl(p) by (i). Hence fgspr-cl(A A p) < fgspr-cl(A) A fgspr-cl().
Remark 5.6: For any two fuzzy sets A and p, fgspr-cl(A) = fgspr-cl(n) does not imply that A = p. This is shown
by the following example.
Example 5.7: Let X = {a, b, ¢}, a = {(a, 0), (b, 0), (c, 1)}, B = {(a, 1), (b, 0), (c, 1)}, » ={(a, 0), (b, 0), (c, 1)}
and p = {(a, 0), (b, 1), (c, 1)} be fuzzy sets of X. Let T = {0, a, B, 1}, then fgspr-cl(x) = fgspr-cl(p) = 1. It
follows that, fgspr-cl(A) = fgspr-cl(n) but A # L.
Theorem 5.8: In a fuzzy topological space(X, 1), a fuzzy set A is fgspr-open iff A = fgspr-int(}).
Proof: Let A be a fgspr-open set in a fuzzy topological space(X,t). Then we have A < fgspr-int(A). But
fgspr-int(A) <X always. Therefore A = fgspr-int(A).
Suppose that A = fgspr-int(A) and by definition 5.1, fgspr-int(}) is a fgspr-open set. Then A is a fgspr-open set in
X.
Theorem 5.9: In a fuzzy topological space X the following results hold for fgspr-interior.
0] fgspr-int(0) = 0, fgspr-int(1) = 1
(i) f-int(A) < fgspr-int(A) <A
(iii) fgspr-int(fgspr-int(A)) = fgspr-int(L)
Proof: Let A be a fuzzy set in a fuzzy topological space(X, 1).
(1 Obvious.
(i) Every fuzzy open set is a fgspr-open set. By Theorem 4.3, f-int(A) < fgspr-int(X) and by definition
5.1, fgspr-int(A) < A. Hence f-int(X) < fgspr-int(A) <.
(iii) By Theorem 5.8, fgspr-int(fgspr-int(A)) = fgspr-int(X), since fgspr-int(}) is fgspr open.
Theorem 5.10: In a fuzzy topological space X the following results hold for fgspr-interior.
Q) fgspr-int(A) < fgspr-int(p) if A < p
(i) fgspr-int(X) v fgspr-int(u) < fgspr-int(A V )
(iii) fgspr-int(A A p) < fgspr-int(A) A fgspr-int(p)
Proof: Let A and pn be fuzzy sets in a fuzzy topological space(X, 1).
() Since A < p, a fgspr-open set contained in A is also contained in W. Therefore fgspr-int(A) < fgspr-
int(p).
(i) Let A <XV pand p <AV W This implies that fgspr-int(A) < fgspr-int(A v W) and fgspr-int(u) <
fgspr-intl(X v W) by (i). Hence fgspr-int(}) v fgspr-int(p) < fgspr-int(A V )
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(iii) Let A A p<Xand A A p < p. This implies that fgspr-int(A A p) < fgspr-int(X) and fgspr-int(A A p) <
fgspr-int(u) by (i). Hence fgspr-int(A A p) < fgspr-int(A) A fgspr-int()
Remark 5.11: For any two fuzzy sets A and p, fgspr-int(A) = fgspr-int(u) does not imply that A = p. This is
shown by the following example.
Example 5.12: Let X = {a, b, ¢}, .= {(a, 0), (b, 0), (c, 1)}, B = {(a, 1), (b, 0), (c, D)}, L= {(a, 1), (b, 0), (c, 0)}
and p = {(a, 0), (b, 1), (c, 0)} be fuzzy sets of X. Let t = {0, a, B, 1}, then fgspr-int(A) = fgspr-int(n) = 0. It
follows that, fgspr-int()) = fgspr-int(pt) but A # p.

VI. Fgspr — frontier of a set
Definition 6.1: fgspr-cl(A) — fgspr-int(A) is defined to be the fgspr-frontier of A in a fuzzy topological space
(X, 1) and is denoted by fgspr-fr(d).
Some basic properties of fgspr-fr(L) are proved in the following:
Theorem 6.2: In a fuzzy topological space X the following results hold
(i) fgspr-cl(}) = fgspr-int(}) v fgspr-fr(})
(i) fgspr-cl(}) A fgspr-fr()) = fgspr-fr(L)
(iii) fgspr-int(A) A fgspr-fr(A) = 0
(iv) fgspr-fr(L) = fgspr-cl(}) A fgspr-cl(1 — 1)
Proof: By definition of fgspr-fr(L), we have
(i) fgspr-int(A) v fgspr-fr(d) = fgspr-int(A) v [fgspr-cl(}) — fgspr-int(X)] = fgspr-cl(}).
(ii) fgspr-cl(L) A fgspr-fr(A) = fgspr-cl(A) A [fgspr-cl(A) — fgspr-int(X)] = fgspr-cl(A) — fgspr-int(A) =
fgspr-fr(A).
(iii) fgspr-int(A) A fgspr-fr(d) = fgspr-int(A) A [fgspr-cl(}) — fgspr-int(})] = 0.
(iv) fgspr-fr(\) = fgspr-cl(A) — fgspr-int(A) = fgspr-cl(A) A [1 — fgspr-int(A)] = fgspr-cl(h) A
fgspr-cl(1 — 1) by theorem 5.2.
Theorem 6.3: In a fuzzy topological space X the following results hold
0] fgspr-fr(A) = fgspr-fr(1 — 1)
(ii) If A is fgspr open then A A fgspr-fr(A) =0
(iii) fgspr-fr(A) = 0 if A is fgspr-open as well as fgspr-closed.
Proof: By definition of fgspr-fr(X), we have
(i) fgspr-fr(A) = fgspr-cl(A) — fgspr-int(A) = fgspr-cl(A) A [1 — fgspr-int(A)] = fgspr-cl(h) A
fgspr-cl(1 — A) = fgspr-cl(1 — 1) A [1 — fgspr-int(1 — A) = fgspr-cl(1 — A) — fgspr-int(1 — 1) =
fgspr-fr(1 — A) as by theorem 5.2.
(i) Let A be a fgspr open set in fuzzy topological space(X,t). Then A = fgspr-int(A). Now
A A fgspr-fr(}) = fgspr-int(A) A fgspr-fr(}) = 0, as by Theorem 6.2. Hence the proof.
(iii) Let A be a fgspr open set and fgspr closed set in a fuzzy topological space X. This implies that
A = fgspr-int(A) and A = fgspr-cl(A). Then fgspr-fr(A) = fgspr-cl(L) — fgspr-int(A) = 0. Hence the
proof.
Theorem 6.4: In a fuzzy topological space (X, 7) the following properties hold for fgspr-fr(i)
(i) fgspr-int(A) = A — fgspr-fr(})
(i) 1 — fgspr-fr(}) = fgspr-int(}) v fgspr-int(1 — 1)
Proof:
0] Since fgspr-fr(A) = fgspr-cl(A) A fgspr-cl(1 - A) by theorem 6.2. Therefore A — fgspr-fr(A) =
A — [fgspr-cl(L) A fgspr-cl(1 — A)] =[x — fgspr-cl(A)] V [A — fgspr-cl(1 — A)] = L — fgspr-cl(1 — A) =
AA 1 - fgspr-cl(l — V)] =A A [1—[1- fgspr-int(L)] = A A fgspr-int(A) = fgspr-int(}) as by
theorem 5.2.
(i) 1 — fgspr-fr(A) =1 — [fgspr-cl(}) A fgspr-cl(1 — A)] = [1 — fgspr-cl(M)] Vv [1 — fgspr-cl(1 — V)] =
fgspr-int(1 —A) v [1 — [1 — fgspr-int(A)] = fgspr-int(1 — ) v fgspr-int(X) as by theorem 5.2.

VII.  Fuzzy semi preregular T; ,, space and
Fuzzy semi preregular 77, space

Definition 7.1: A fuzzy topological space (X,7) is called a fuzzy semi preregular T, , space if every fgspr-
closed set is a fuzzy semi-pre closed set.
Theorem 7.2: A fuzzy topological space (X, 7) is a fuzzy semi preregular T; ,, space iff every fgspr-open set is
a fuzzy semi-pre open set in X.
Proof: Suppose X is a fuzzy semi preregular T;,, space. Let p be fgspr-open set in X. Then 1y is a
fgspr-closed set in X. By Definition 7.1, 1— p is a fuzzy semi-pre closed set in X. Therefore p is a fuzzy semi-
pre open set in X.
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Conversely, assume that every fgspr-open set in X is a fuzzy semi-pre open set in X. Let y be fgspr-closed set in
X. Then 1 — y is a fgspr-open set in X. By hypothesis, 1 — y is a fuzzy semi-pre open set in X. Therefore y is
a fuzzy semi-pre closed set in X. Hence X is fuzzy semi preregular T; ;, space.
Theorem 7.3: Every fuzzy semi preregular T; ,, space is fuzzy pre semi T; j,space.
Proof: Let X be a fuzzy semi preregular T; ,, space and let y be fuzzy pre semi closed set in X. By Theorem
3.20, y is a fgspr-closed set in X and so y is a fuzzy semi pre closed set in X. Hence X is fuzzy pre semi
T, , space.
Theorem 7.4: Every fuzzy semi preregular T, ,, space is fuzzy semi pre T, ,, space.
Proof: Let X be a fuzzy semi preregular T; ,, space and let y be fgsp-closed set in X. By Theorem 3.10, y is a
fgspr-closed set in X and so y is a fuzzy semi pre closed set in X. Hence X is fuzzy semi pre T; ,, space.
Theorem 7.5: Every fuzzy semi preregular T; ,, space is fuzzy semi pre T; ;3 space.
Proof: Let X be a fuzzy semi preregular T; ,, space and let y be fgsp-closed set in X. By Theorem 3.10, y is a
fgspr-closed set in X and so p is a fuzzy semi pre closed set in X. Every fuzzy semi-pre closed set is a fuzzy pre
semi closed set. Hence X is fuzzy semi pre 773 space.

The following example shows that the converse of the above theorems is not true.
Example 7.6: Let X = {a, b, ¢}, a={(a, 1), (b, 0), (c, 0)}, B= {(a, 0), (b, 1), (c, 1)}, vy = {(a, 1), (b, 1), (c, 0)} be
fuzzy sets of X. Let 7 = {0, a, 1}, then B is fuzzy pre semi closed, fgsp-closed and fuzzy semi-pre closed in X.
Hence (X, 1) is fuzzy pre semi T, space, fuzzy semi pre T, space and fuzzy semi pre T, 3 space. Now v is a
fgspr-closed set but not a fuzzy semi pre closed set in X. Therefore (X, 1) is not fuzzy semi preregular T,
space.
Definition 7.7: A fuzzy topological space (X, 1) is called a fuzzy semi preregular T7,, space if every fgspr-
closed set is a fuzzy closed set.
Theorem 7.8: A fuzzy topological space (X, 1) is a fuzzy semi preregular T7,, space iff every fgspr-open set is a
fuzzy open set in X.
Proof: Suppose X is a fuzzy semi preregular Ty, space. Let u be fgspr-open set in X. Then 1- is a fgspr-
closed set in X. By Definition 7.7, 11 is a fuzzy closed set in X. Therefore | is a fuzzy open set in X.
Conversely, assume that every fgspr-open set in X is a fuzzy open set in X. Let y be fgspr-closed set in X. Then
1 —vyisafgspr-open set in X. By hypothesis, 1 — y is a fuzzy open set in X. Therefore v is a fuzzy closed set in
X. Hence X is fuzzy semi preregular T7 , space.
Theorem 7.9: Every fuzzy semi preregular T7, space is fuzzy semi preregular T, , space.
Proof: Let X be a fuzzy semi preregular T/, space and let A be fgspr-closed set in X. By Definition 7.7, A is a
fuzzy closed set in X. Every fuzzy closed set is fuzzy semi-pre closed set and so A is fuzzy semi-pre closed set
in X. Hence X is fuzzy semi preregular T, ,, space.
Theorem 7.10: Every fuzzy semi preregular Tj , space is fuzzy T, space.
Proof: Let X be a fuzzy semi preregular T7,, space and let A be fg-closed set in X. By Theorem 3.16, A isa
fgspr-closed set in X and so A fuzzy closed in X by Definition 7.7. Hence X is fuzzy T, space.

The following example shows that the converse of the above theorems is not true.
Example 7.11: Let X = {a, b, ¢}, a={(a, 0), (b, 1), (c, 0)}, B= {(a, 1), (b, 0), (c, )}, vy = {(a, 1), (b, 0), (c, 0)}
be fuzzy sets of X. Let t= {0, a, 1}, then B is fgspr-closed, fg-closed, fuzzy semi-pre closed and fuzzy closed in
X. Hence (X, ) is fuzzy semi preregular T, ,, space and fuzzy T,,, space. Now vy is a fgspr-closed set but not a
fuzzy closed set in X. Therefore (X, 1) is not fuzzy semi preregular T, space.
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